The implementations of quantum logic gates realized by the rovibrational states of a C 12 O 16 molecule in the X( 1 + ) electronic ground state are investigated. Optimal laser fields are obtained by using the modified multitarget optimal theory (MTOCT) which combines the maxima of the cost functional and the fidelity for state and quantum process. The projection operator technique together with modified MTOCT is used to get optimal laser fields. If initial states of the quantum gate are pure states, states at target time approach well to ideal target states. However, if the initial states are mixed states, the target states do not approach well to ideal ones. The process fidelity is introduced to investigate the reliability of the quantum gate operation driven by the optimal laser field. We found that the quantum gates operate reliably whether the initial states are pure or mixed.
I. INTRODUCTION
Quantum computation has been an interesting field in quantum science since the concept of quantum computer was introduced. 1 There are many physical systems proposed to achieve the technique of quantum computation, such as cavity quantum electrodynamics, 2, 3 trapped ions, 4, 5 nuclear magnetic resonance, 6, 7 photons, 8 and spins of semiconductors. 9 Quantum logic gates are elementary elements of quantum computation, and their basic task is that a specific input state is transformed into a desired output state. There are at least two allowable state transitions for a quantum logic gate, and we have to find a suitable laser field to make all the transitions be realized. The optimal control theory (OCT) (Refs. [10] [11] [12] [13] [14] is a successful methodology to obtain a suitable laser field for controlling results of a chemical reaction and for quantum logic gate operations. Therefore, how to promote the accuracy of the quantum gate operations and to obtain an optimal laser field are important issues. In the last decade, the optimal control theory is improved. Nowadays, the multitarget optimal control theory (MTOCT) (Refs. [15] [16] [17] [18] [19] [20] and the genetic algorithm (GA) (Refs. 21 and 22) offer ways to obtain effective laser fields in time and frequency domain, respectively. Controlling internal degrees of freedom of a molecule, such as vibrations, rotations, and energy levels of electrons, to accomplish the processes of quantum computing has attracted high attention. [15] [16] [17] [18] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] The Deutsch-Jozsa algorithm is one of the elementary algorithms in quantum computation. This algorithm was simulated theoretically using vibrational states of acetylene 18 and electronic excited states of iodine. 24 Meanwhile, this algorithm was also experimentally revealed using pure coherent superposition of Li 2 rovibrational eigenstates. The normal modes of vibrations of an acetylene molecule can be encoded as qubits and manipulated to achieve quantum gate operations. [15] [16] [17] 23 The vibrational eigenstates of an OH diatomic molecule are applied to implement the operations of NOT and Hadamard gates. 19 However, the vibration modes of a molecule are always accompanied with its rotational modes, and those two modes can provide conveniently a 2-qubit state to realize operations of quantum logic gates. Yamashita and co-workers constructed the operations of quantum gates and the Deutsch-Jozsa algorithm with vibrational and excited electronic states of a Li 2 and a Na 2 molecule, 27 rovibrational states of a CO (Ref. 28 ) and a NO molecule, 30 and rotational modes of two polar molecules. 29 Shapiro et al. realized quantum gate operations with rovibrational states of a homonuclear diatomic molecule. 33 The MTOCT and OCT are mainly applied to obtain an optimized laser field in the studies mentioned above. Instead of using the MTOCT or OCT, Momose and co-workers applied the GA to implement quantum gate operations with the rovibrational states of a CO and a NO molecule. 31, 32 Sugny et al. compared the implementations of rovibrational controlled-NOT gates using optimized stimulated Raman adiabatic passage techniques with those using the OCT. 38 The states are said to be the main states if they are strongly coupled and are used to represent the main dynamics of the quantum system. Meanwhile, the states are said to be the remaining states if they are weakly coupled and are ignored generally. A quantum system is said to be a reduced quantum system if its main states are considered only. In previous studies, 40 quantum dynamic processes were investigated with the reduced quantum system. Nevertheless, in a practical application, the remaining states exist and affect the dynamic processes of the quantum systems although their populations are low. The application of projection operator approaches to the research of nonequilibrium classical and quantum statistical mechanics and has been extensively developed. 41 The projection operator P is used to decompose the state space of the quantum system into the main state space, and the projection operator Q is used to decompose the state space into the remaining state space. A reduced density operator composed of the main states, therefore, can describe the dynamics of a reduced quantum system. This approach not only enlarges the number of degrees of freedom, but also determines theoretically the relationships between the main states and the remaining states of the quantum system. Furthermore, the influence of the remaining states can be annihilated if a proper laser field is obtained.
Following our previous study, 40 we commence to formulate the Liouville-von Neumann equation (or the quantum Liouville equation) for a CO molecule in the X( 1 + ) electronic ground state. Consequently, by means of the projection operator approach, the quantum Liouville equation is split into that of the main states and of the remaining states. A cost functional is then constructed by the MTOCT and used to determine the control laser field for the quantum gate operations. The cost functional will tend to its maximal value if an optimal laser field is obtained and the real target states coincide with the ideal ones. The quantum states and the corresponding Lagrangian multipliers are solved iteratively by the entangled feedback algorithm. 11-14, 41, 46, 53 Another index, which is used to identify the coincidence between the real target states and the ideal states, is the state fidelity. The iteration process is terminated if the cost function and the state fidelity both tend to their maxima in order to gain satisfied target states and an optimal laser field. With this laser field, the main state is driven to the highest population at an expected target time. Meanwhile, the population of the remaining state is suppressed to diminish its effect on the final population of the main state.
A pure quantum state is sensitive to the environment. Usually, the quantum state is mixed with noise, or improperly prepared due to imperfect experimental manipulations. Of course, it is no longer a pure state. However, reliability of quantum gate operations should be independent on the quantum states whether they are pure or mixed. To investigate the case of mixed state, a pure quantum state mixed with white noise is applied as the input of a quantum gate operation. To quantify the reliability of the quantum gate, we use the process fidelity as a useful indicator of quantum process. 42, 43 The present paper is organized as follows: the system formulations are presented in Sec. II, the numerical simulation results of the quantum gate operations are shown in Sec. III, and some concluding remarks are given in Sec. IV.
II. THEORY
In present study, the Hamiltonian of a CO molecule in its electron ground state X(
where u(t) is the magnitude of the external laser field. The unperturbed Hamiltonian is denoted asĤ 0 . The dipole moment interactions between the molecule and the external laser field is represented asĤ
where μ 0 is the molecular permanent dipole moment, and θ is the polar angle between the molecular axis. The polarizability of the molecule under the influence of the laser field is described as
where α = α − α ⊥ is the polarizability anisotropy. In the molecular-fixed coordinate (x, y, z), α and α ⊥ are related to the diagonal elements of the polarizability as α ⊥ = α x = α y and α = α z . A density operatorρ(t) is used to represent any state of a quantum system, and its dynamic evolution is described by the quantum Liouville equation, namely,
with the initial stateρ(t 0 ) −ρ 0 . Any operatorÂ in a Hilbert space can be assigned to a Liouville ket |A in a corresponding Liouville space. 12, 14 Therefore, the quantum Liouville equation can then be expressed alternatively as
with the initial condition |ρ(t 0 ) − ρ 0 . L(t) is the Liouville operator which corresponds to the commutator ofĤ (t) and ρ(t) in a Hilbert space,
The Liouville inner product A|ρ(t) gives the expectation value of any observableÂ (in a Hilbert space) as
If we consider the rovibrational behaviors of a CO molecule at X( 1 + ) state, the eigenstates ofĤ 0 , |n, J, M , are defined as a set of bases in a Hilbert space, where n is the vibrational quantum number, J the quantum number of the total angular momentum, and M the projection quantum number. Due to the selection rule of the CO molecule state transitions, there is no interaction connecting M = 0: J = ±1, M = 0 induced by dipole moment, and J = ±2, M = 0 induced by polarization. 32, [44] [45] [46] If the eigenstate |n = 0, J = 0, M = 0 is included in the basis, the projection quantum number M is always to be zero during the state transition for a quantum gate operation. Therefore, the basis state can be denoted as the form |n, J for simplicity, and any quantum state of the CO molecule and its corresponding density operator can be expressed as
The modified Morse-Pekeris model is used to determine the energy levels ofĤ 0 , 47, 48 
where D e is the dissociation energy. A b , D b , β and S b are given as follows:
a¯,
where B e is the rotational constant. The values of parameters of a CO molecule are listed in Table I , [48] [49] [50] the values of the dipole transition n|μ|n + 1 are taken from Ref. 51 .
The rovibrational energy levels of a CO molecule are shown in Fig. 1 . Two kinds of state transitions could be occurred, namely the P branch (|n, J ↔ |n + 1, J − 1 ) and the R branch (|n, J ↔ |n + 1, J + 1 ). The energy levels, which can be arrived from the ground state |n = 0, J = 0 , are presented in this figure. Following the qubit assignments presented in Ref. 31 , For one-qubit system, |0 and |1 are defined as |n = 0, J = 0 and |n = 1, J = 1 , respectively. Whereas for two-qubit system, |00 , |01 , |10 , and |11 are defined as |n = 0, J = 0 , |n = 0, J = 2 , |n = 1, J = 2 , and |n = 2, J = 1 , respectively.
Quantum logic gates are elementary unitary operations for quantum computations and quantum circuits. NOT gate (N) and Hadamard gate (H) are the fundamental one-qubit gates, and controlled-NOT gate (CNOT gate, U CNOT ) is the fundamental two-qubit gate:
For each quantum gate, an optimal electric field (or laser pulse) should make all the possible state transitions achievable. In other words, this optimal electric field can represent every possible operations of the quantum gate for qubits or their superposition.
One can use the multitarget optimal algorithm to determine the optimal laser pulse with the following cost functional
where N is the total number of the transition paths of each quantum gate. The first term in Eq. (14) is the expectation value of observablesÂ k , and its maximum is what we want to obtain at the target time t f . The second term in Eq. (14) constrains the total energy of the laser pulse. Here, α 0 is a positive penalty factor applied to limit the intensity of the laser field, and s(t) is the envelope function defined as 52
The last term in Eq. (14) ensures that the system dynamics satisfies the quantum Liouville equation where |λ k (t) are the Lagrangian multipliers. In addition, as Tesch and de Vivie-Riedle reported in Ref. 17 , one has to consider the phase correction to implement all the possible transitions of each quantum gate in the same phase evolution. For example, the following transition of the superposition state should be satisfied for the CNOT gate operation at the target time,
This transition for phase consistency is an additional target which should be put into the cost functional J, and this is the reason why the total targets in the first term of Eq. (14) is N + 1.
Applying the projection operator technique, 40 the quantum states are split into two parts; namely, the main quantum states which carry the principle information what we want, and the remaining states which are orthogonal to the main ones. Therefore, any state |ρ(t) can be expressed as
where |ρ 1 (t) and |ρ 2 (t) are the main state and the remaining state, respectively. Some properties of the projection operators, P and Q, are listed below :
where I and 0 are the identity and zero operators, respectively. Consequently, the quantum Liouville equation, Eq. (5), is rewritten as follows
Equation (18) govern the dynamic evolution of |ρ k 1 (t) and |ρ k 2 (t) . In order to maximize the population of the main state at t f and to annihilate that of the remaining state, the cost functional, Eq. (14), can be rewritten as the following form:
where
|A k 1 are the target states of the main states, and |A k 2 are the states which ought to be annihilated. Taking the first variation of the cost functional, δ J , and searching for its value of zero (i.e., δ J = 0), the evolution equations of the states and the Lagrangian multipliers are obtained as
Furthermore, the optimized laser pulse can be found as the following form: Equations (21)- (25) are solved iteratively by the monotonically convergent iteration algorithm, the entangled feedback algorithm, 11-14, 41, 46, 53 and the second-order symmetric split operator method. 11-14, 40, 53 A formal proof of the convergence properties of the algorithm is given in the Appendix.
In order to check the phase consistency of a quantum gate operation, one can use the final results to calculate the state fidelity between the ideal and "experimental" target states, |φ k and |ψ k (t f ) , respectively, 28, 31
If the value of the fidelity approaches to unity, the target states tend to the ideal ones as closely as possible. That is, the populations and phase angles of the target states are identified with those of the ideal ones. Equation (26) can be rewritten in the form of Liouville brackets,
In the studies about the OCT and MTOCT applied to quantum control systems as mentioned above, the terminal condition for iteration is that the increment of the cost function between iteration n + 1 and n tends to zero, i.e., δ J 10 In the present study, the iteration process is terminated when both δ J (n) → 0 and F → 1. The extreme values 0 and 1 are set as 0.001 and 0.99 in our numerical calculations. Therefore, with this modification for the termination criterion of iteration, we called our MTOCT as the modified MTOCT.
The initial quantum states are usually mixed with noise or improperly prepared due to imperfect experimental manipulations. It is worth investigating the performance of a quantum gate under the effects of noise. Quantum process tomography is a procedure to characterize the quantum dynamical maps. 1, 54 However, this procedure would be very complicated if the number of dimensions of a Hilbert space is more than two. Therefore, the process fidelity, F process , is a useful index for this situation. 42 Hoffman proposed an efficient criterion to estimate the process fidelity. 43 If the target states of an experimental process are described byρ k (t f ) = |ψ k (t f ) ψ k (t f )|, the average state transition probability 28 is given by
where U 0 represents an unitary transform for the quantum process such as the quantum gate or the quantum channel. Note that the term F ψ k →φ k is called "classical fidelity" in Ref. 43 , and it is identical with the term "average state transition probability" defined in Ref. = |φ n can be given by
P(φ n |ψ n ). (29) With Eqs. (28) and (29), the range of the process fidelity can be estimated as defined as follows:
The average transition probabilities of each quantum logic gate in the Y basis and the X basis can be presented as NOT gate:
Hadamard gate: CNOT gate:
III. RESULTS AND DISCUSSIONS
Let us start with the cases where input states of quantum gates are pure. In the present study, all of the state transitions of quantum gates are completed in the duration time 80 000 a.u. ( ∼ = 1.93 ps) with time step t = 2 a.u. In present study, the maximum vibrational and rotational quantum number are n max = 4 and J max = 6. The field strength of the initial guess field is given by the random number generator of MATLAB R at each time step of the initial iteration. Meanwhile, only the states, whose populations exceed than 1% during the evolution processes, are shown in the figures, and those are the states presented in Fig. 1 . As discussed in the section of theory, two transition paths constitute a NOT gate operation: (a) |0 → |1 , and (b) |1 → |0 , which can be driven by a single external laser field. Figure 2 shows the optimal laser field for the NOT gate operation for α 0 = 1000. The frequency spectrum, as shown in   FIG. 6 . The iteration efficiency to obtain the optimal laser field for each quantum gate. J. Chem. Phys. 134, 134103 (2011)   FIG. 7 . The optimal laser field for the NOT gate operation with noisy initial states. The pulse profile is presented in (a) the time domain and (b) the frequency domain. Fig. 2(b) , indicates that the peak frequency locates around 2123 cm −1 , which is the transition frequency of a CO molecule from |0 = |n = 0, J = 0 to |1 = |n = 1, J = 1 , and vice versa. The state evolution processes of both paths are presented in Fig. 3 . Both of the paths can get well to their own desired target states. In both paths, the change rates of populations of |0 and |1 increase dramatically at the time around 10000 a.u., and the laser field goes to its maximal intensity, as shown in Fig. 2(a) . At the time around 40 000 a.u., the populations of |0 and |1 are accelerated to approach their target states. To accomplish this process, the system needs some more energy supplied by the external laser field as shown in Fig. 2(a) at t ≈ 40000 au. The fidelity of the NOT gate operation is F = 0.9935. With this optimal laser field, the process fidelity of the NOT gate is estimated in the range 0.9742 ≤ F process ≤ 0.9770. One can see that this optimal laser field makes the NOT gate reliable.
The results and discussions of operations of Hadamard gate please refer to the supplementary information. A CNOT gate deals with 2-qubit operations. It flips the target qubit conditioned on the input state of the controlled qubit according to the following four paths: (a) |00 → |00 , (b) |01 → |01 , (c) |10 → |11 , and (d) |11 → |10 . The optimal laser field for the CNOT gate operation is presented in Fig. 4 . The laser field is obtained by using the modified MTOCT with the penalty factor α 0 = 2000. The profile of the frequency spectrum, shown in Fig. 4(b) , indicates that there are four peak frequencies locate around 2123 cm −1 , 2117 cm −1 , 2125 cm −1 , and 2113 cm −1 . Those four frequencies correspond to the state transitions of R(0), P(2), R(2), and P(4) branch, respectively, as shown in Fig. 1 . For the CNOT gate, the major state exchanges occur in path (c) and (d), i.e., (|10 ↔ |11 ). If this transition appears, the state |01 is the middle one which |10 or |11 can arrive at. Therefore, the strongest power spectrum is located about 2125 cm −1 which represents the R(2) branch (|01 ↔ |11 ), and the second strongest one is located about 2117 cm −1 representing the state transition of P(2) branch (|01 ↔ |10 ). In the path (b) of the CNOT gate operation, the state |01 should be preserved during the operation time interval. However, |01 is not the ground state, and could be transited to other state if it receives the external energy. The most possible candidate is the |10 state. In Fig. 4(a) , one can find that the intensity of the laser field oscillates dramatically during 20000 au to 60000 au, and the populations of states are varied obviously in this duration. The state evolution processes of all the paths are shown in Fig. 5 . One can see that the target states approach well to the desired target states in all the paths. The fidelity of the CNOT gate operation is F = 0.9917. With this optimal laser field, the process fidelity of the CNOT gate is estimated in the range 0.9664 ≤ F process ≤ 0.9750. The performances of the quantum gates are summarized in Table II . The fidelity of each gate is not less than 0.99, and the lower bound of the process fidelity is higher than 0.96. The high accuracy of fidelity is obtained by using the modified MTOCT whose iteration process is terminated when the values of fidelity and the cost function are very close to one simultaneously. The convergence of the fidelity for each quantum gate is shown in Fig. 6 . The maximal number of times of iteration is 36 for the CNOT gate.
We need to consider the cases where input states for the quantum gates are mixed with white noise. It is difficult to prepare a perfect pure state in reality. A quantum state is said to be a mixed state if it is mixed with noise. In order to simulate such a situation, we choose the state mixed with white noise shown as follows:
where r is the noise admixture, 54Î is the identity operator, and Q = 1 and 2 for 1-qubit and 2-qubit cases, respectively. For the 1-qubit cases, |ψ can be one of the states |0 , |1 , |+ − |0 X , and |R . The value of r is set to be 0.1 in the following. Any initial state |n is represented as the superposition ofρw ψ ,
where c n q , q = 0, 1, +, R, are the coefficients to be determined by Eq. (32) . If the quantum gate operation is complete, the density operator at t f , E(|n n|) = U 0 |n n|U † 0 , can be transformed as
And the measurement probabilities are
where |n n | denotes the ideal target state. A similar procedure could be followed if the initial state is a 2-qubit state. Figure 7 shows the optimal laser field for a NOT gate operation with mixed states for α 0 = 1000. The intensity of the field oscillates severely during the time interval 30 000 a.u. ≤ t ≤ 60 000 a.u., as presented in Fig. 7(a) . In this duration, the population of the state |0 and |1 varies dramatically and reaches its local extreme when the intensity of the laser field also reaches its maximum, as shown in Fig. 8 . The fidelity of the NOT gate operation is F = 0.8611 due to the existence of the noise. Furthermore, the process fidelity of the NOT gate is estimated in the range 0.9600 ≤ F process ≤ 0.9646. One can see that this optimal laser field makes the NOT gate reliable and independent to the effect of the noise.
The results and discussions of operations of Hadamard gate please refer to the supplementary information. 57 The optimal laser field for the CNOT gate operating with mixed states is illustrated in Fig. 9 . The laser field is ob- tained by using the modified MTOCT with the penalty factor α 0 = 2000. The profile of the frequency spectrum, as shown in Fig. 9(b) , becomes more complicated than that of the CNOT gate operating with pure states. In Fig. 9(a) , one can find that the intensity of the laser field oscillates dramatically during 20 000-60 000 a.u., and, no matter what the path is, the populations of states of |00 , |01 , |10 , and |11 varies obviously in the range from 5 to 75%, as shown in Fig. 10 . The fidelity of the CNOT gate operation is F = 0.8650. With this optimal laser field, the process fidelity of the CNOT gate is estimated in the range 0.9628 ≤ F process ≤ 0.9646. One can also see that this optimal laser field makes the CNOT gate reliable and independent to the effect of the noise. The performances of the quantum gates operating with mixed states are summarized in Table III . The fidelity of each gate is not less than 0.85, and the lower bound of the process fidelity is higher than 0.93. One can find that the value of the fidelity decreases due to the existence of the white noise. However, the satisfactory range of the process fidelity of each gate is obtained. It is shown that each quantum gate operation, which is driven by the optimal laser field, is reliable even the noise exists.
IV. CONCLUSIONS
The operations of quantum logic gates realized by the rovibrational states of a C 12 O 16 molecule in the X( 1 + ) electronic ground state are investigated in present study. Optimal laser fields are obtained by using the modified multitarget optimal theory which combines the maxima of the cost functional and the fidelity. If the initial states of the quantum gate operation are pure ones, the satisfactory target states are obtained, and the state fidelity of each gate is higher than 0.99. The process fidelity, which is a useful indicator for evaluating quantum transformation in quantum information theory, is introduced to investigate the reliability of the quantum gate operation driven by the optimal laser field. If the initial pure states are put into the system, the lower bound of the process fidelity of each gate is higher than 0.96. It means that the quantum gate operation is reliable. We know that it is difficult to prepare a pure quantum state in a real experimental process. To simulate this situation, an initial mixed state in the form of a state mixed with uncolored noise is applied to the quantum gate operation. Although the satisfactory target states cannot be obtained due to the existence of the white noise, the lower bound of the process fidelity of each gate is still higher than 0.936. It means that all the quantum gate operations are reliable whether the white noise exists or not. 
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